Chapter 14 — Waveforms
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14.1 Introduction

Signals and waveforms are not normally part of the study for electric machines. However, with the growing amount
of electronic control and with distortion on the power line from switched mode power supplies, the waveform is often
complex. Therefore, this chapter is provided as a reference to assist with those challenges.

Signals that are encountered can be a constant, direct current (DC), they can be repetitive, alternating current (AC),
or they can be short term, transients. The circuit elements respond differently to each type signal. This chapter will
address waveforms and tools to analyze their impact on systems performance. The time domain signal response or
solution contains all the components.

e y(t)=F+(I—-F)e” cos(wrt+0)

14.2 Waveforms

By far, the sinusoid is the most common repetitive waveform in electrical systems. It is the physical result due to the
rotational motion of machines in a magnetic field.

The waveform definitions follow.

voltage=v =V, coswt v(¥) Vo.= peak..

1
frequency = f = T (hertz) Vrms = effective

Time

w=2xf  (radians/sec) T (sec)

T
averagevalue =V, . = %Idt = 0 for sinusoid
0

; Vy _ |17
effectivevalue =V, = AT .[ vdt

0

For multiple waveforms, use superposition. For effective or root mean square (RMS), this is square root of the sum
of the squares.

_ 2 2
Vrus _\/VRMSI +Vusa” +---

Generally, AC values of V & I are given in RMS. The frequency is assumed constant.

For a 100Volt, 60Hz voltage waveform
v =100/2 cos(2760¢)

V. =100+2
V, =141volts
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14.3 Transients

Transients are waveforms that exist for a short period of time. Waveforms are determined by the circuit elements.
Since there are only three elements, the most complex circuit is a second order. The characteristic solution for a
systems circuit is the time varying equation that describes the exponential decay after a signal is applied. The
variable, y, can represent either current or voltage.

yt)=F+(- F)e% cos(wt + 6)
where

F = final value (t=c0)

I = Initial Value (t=0)

T = time constant

=) iic

13.3.1 First Order Transients
First order systems are very common, since they are the model of a simple system. First order systems have a resistor
and either a capacitor or an inductor.

First Order Circuits
RC or RL
Form:
]
v=L—+Ri
dt
i dv v
t R

Characteristic Solution

Response to a step input (DC)
y(t)=F+(I-F)e™”
. . v
For Capacitor: i = C—
dt
Voltage does not change instantaneously
Open circuit under DC conditions

Capacitor discharges to V. (00) =0

Initial voltage = source voltage
di
For Inductor: v=L—
dt
Current does not change instantaneously

Short circuit under DC conditions
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Inductor dissipates to [, (o0) =1

Initial current = source current
Process:
Find t
time constant=RC or L/ R

<\
Il

time for exponent to be e =L

use equivalent circuit w/o source to get RC or RL (Thevenin Impedance)
deactivate all the sources and replace with internal Z
reduce to single equivalent RC or RL
Find y(0)
use circuit (KVL) w/ element as source
Find y(final)
use circuit (KVL) w/ element as limit
Plot:
F-1
T

Initial slope =

response _ output

Transfer function = —— -
excitation input
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14.3.2 RL Circuits

Standard calculus form

v Y R
d

Inductor is short circuit in final state.

i(L), =0
i(L), = %

T=—

R

General solution
y(t)=F+(I-F)e™”

Current solution

v v -
i=—2+(0-—2)e °
O R

Rt
i=Yoq_ety
1A
_____ R
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14.3.3 RC Circuits

Standard calculus form

i=C Ll + 2 (calculus form)
dt R

Capacitor is open circuit in final state.

i, v. cannot change instantaneously

V(C)o = Vo
wC), =0
T=RC

General solution
y(t)=F+(I-F)e”
Voltage solution

v=V,+(V,~V,)e

_t
v=Ve

=0 i
Vo (o

sec
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14.4 LaPlace

A standard waveform is defined in terms of time and frequency. A mathematical transform is often used to provide a
different mathematical tool. The phasor representation is one transform that applies to steady state alternating
circuits. LaPlace transforms are used for many manipulations of the inductor and capacitor elements. The function
can be transformed from time to the s domain, which represents a stationary and rotational component.

s$=0+jO
The most used transform pairs are illustrated.
Q) VACO R F(s) 1,(s)

(=1

o)

f=t

f=e

—at

St+a -«

0.37=—

1 =t

o

—at

) _
¢ (s+a) B

—
N

PAGE 7



o

sin ot

ANVANVA

ANVERVER

sin wt

ANEVANANYA

VIV VoA

e sint

e cos ot

/\;/\/\/\/

VA

. @
sin wt > -5
S +w
S
CcoSs wt o -
S +w
@

“sinot < (s+a) +o’

at N 24
cos wt

o (sta)+o’

jo

jo

M
Ny

—jo

X - Jjo
|
|
-a
X - —jo
X - jo
Jany
(%
—a
X - —jo

PAGE 8



14.5 LaPlace Operational Rules

The mathematical manipulation of the time function and the LaPlace transform follows defined rules.
D AO+ L) < F(s)+F(s)
2) af(t) < aF(s)

p 40

=f'(t) & sF(s)-f(0)
4 ["(t) © s°F(s)=sf(0)~ /'(0)

5 [ rdr )
0 Ky

PAGE 9



14.5.1 Partial Fraction Expansion

F(S):N(s): N(s) __K N K2 .\
D(S) (S_pl)(s_pz)--- (S_pl) (S_pz)
Ky =(s=p)F ()|, = Np) JK,=...jK,=...
(P, = PP, —Ps3)---

fO)=Ke" +K,e™ +...

PAGE 10



14.5.2 Alternate Approach

F (s),F,(s) are from the table, known transforms
F(s)=K F(s)+K,F,(s)+...
Right hand side to common denominator, equate numerators, solve for K;, Ks...

fO=Kf{t)+K,[()+...

Impedance in s-domain

1
Impedance 7 :K Z,=R Z, =sL Z.=—
1 sC
1 I 1 1
Admittance Y=—=— Y, =— Y =— Y. =sC
Z Vv R sL
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14.6 Fourier Series

Any alternating waveform can be represented by the summation of a fundamental sine wave and its multiples called
harmonics. This summation is called a Fourier series.

y=Y,+Y sin(lat+6)+Y,sm(wt+6,)+...+Y sin(nwt+06,)
The term y is the instantaneous value at any time. It can be either current or voltage.

The Y, term is the constant offset, average, or DC component. The Y terms are the maximum amplitude for each of
the harmonic frequencies. The angular frequency w is 2zf. The phase shift angle represents the time delay between
the reference voltage waveform and the current. The n subscript and coefficient of frequency indicates the harmonic
number.

The time domain is a plot of the Y amplitude versus time for the curve. The frequency spectrum is a plot of harmonic
amplitude versus harmonic frequency number.

An odd function is created with the sum of the odd harmonics. A sine wave is the basic example. If the waveform has
the pattern of a fundamental sine wave, then it is odd.

y(#) =—y(-1)

An even function is created with the sum of the even harmonics. A cosine is the basic example. If the waveform has
the pattern of a fundamental cosine wave, then it is even.

¥(8) = y(-1)

A function that contains both even and odd harmonics will have spikes. A pulse and sawtooth are examples.

SQAPT WarE 0.8
0.k
KR
I|' £ 0.4
.5 1L.5 L
-, 0.2
- 1 k] c 7 k] 11 iz it 17 13
1
SMEIPOR Ware s
E:I DE
E:I
(' 0.4
0.4 i
[ 0.2
X
ﬂ'ﬁ 1 1'5 ﬁ 'E' _1234EE?S9101112131415151?181320

PAGE 12



0.4

\TavAvAvaAvAY; VﬂUﬂUﬂU l }HUHU“U (VaAvavA v

T1 2 2 4 5 B 7 g 9 10 11 12 13 14 15 16 17 1% 13 20

friangle wave sewmohrcte

x
2.6 1 1.9 2 ¢

The very definition of Fourier series indicates the series can take several forms. A cosine is an orthogonal shift to a
sine wave. As a result, a common representation is to use cosine terms for the even harmonics and sine terms for the
odd. Then the even harmonics become odd coefficients for the cosine terms. Although this is a common
representation, it is not as easy to visualize or to obtain a spectrum as the simple sinusoidal form.

The Fourier series can be decomposed into the sum of even and odd parts.
f@)=f.0)+f,@

The even part can be represented by the Fourier series
a 0
()= ? +_a, cos(not)
n=1
The odd part can be represented by the Fourier series
£,(t)=_b, sin(nwi)
n=l1

The coefficients are similar.

a, = %_I f(t)dt
a, = %_:[f(t) cos(nw,t)dt

b :%1 £(©)sin(no,t)dt
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14.7 Signals - Modulation

Modulation is the process of combining two signals into one combined waveform. The combination can be through
an adder or multiplier. The mathematical result looks very much like the Fourier series.

Modulation is similar to wrapping a paper note around a rock and tossing the combination. The carrier wave, or rock,
provides a vehicle for passing the information. The information is on the paper note.

In its basic form, the carrier is a single waveform.
x(t)=A, sm2nft+¢,)

A. = amplitude, f= frequency, and 0 is the phase shift. Therefore only the amplitude, frequency, or phase can be
changed or modulated.

The message, information, or baseband has a similar form. Usually the message wave has a fixed or zero phase shift.

m(t)=A, sin(2nf, t+¢, )

14.7.1 Modulation Types

There are numerous variations to the types of modulation.

There are three analog modulation techniques based on the variables in the waveform..

Amplitude modulation (AM)
Frequency modulation (FM)
Phase modulation (PM)

Special variations of these techniques have unique characteristics that affect bandwidth and power.

Angle modulation includes both frequency and phase modulation, since they are operated on by the sinusoid.
Double sideband modulation (DSB) is AM with the carrier removed.
Single-sideband modulation (SSB) is DSB with one of the sidebands removed.

There are three fundamental sampling or digital modulation techniques.

Pulse amplitude modulation (PAM)
Pulse frequency modulation (PFM)
Pulse phase modulation (PPM)

Variations of these techniques result in a variety of keying processes. The process of modulation and demodulation is
called a modem.

Pulse code modulation includes both frequency and phase.
Amplitude shift key modulation (ASK)

Frequency shift key modulation (FSK)

Binary-phase shift key modulation (BPSK)
Quadrature-phase shift key modulation (QPSK)
Quadrature amplitude modulation (QAM)
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14.7.2 Amplitude Modulation (AM)

Amplitude modulation mixes the information or message with the carrier amplitude. The general form of amplitude
modulation is to add a function of the message to the carrier amplitude.

y(t)=[A4, +k,m(t)]sin(2nf 1)
For a single waveform, k, is unity.

k, =1

The amplitude varies with the carrier and the signal. The expanded form illustrates the three components, carrier +
lower sideband - upper sideband.

y(t) =[4. +m(t)]sin(2nf 1)
y(t)=[A4, + A, sin(2nf t]sin(2nf.t)

y(t) = A, sin(2nf 1) + % A, cos(2nf, —2nf, )t — % A, cos(2nf, +2nf, )t

The modulation index is the depth of the variation around the original level of the carrier, 4.. When multiplied by
100, it is the percent modulation.

AA Am
m am —
A A

The power in an AM signal is the sum of the power in the carrier and the power in the signal.
P=P+P,
A
5 )(km(t));,, +1)

AM signals can be demodulated with an envelope detector or a synchronous demodulator.

=(

A double sideband (DSB) signal would contain the upper and lower sideband information but would not have the
carrier. DSB signals can be demodulated with a synchronous demodulator. A Costas loop is a common technique.

Single sideband (SSB) can be either the lower or upper sideband information only without the carrier or the other
sideband. AM signals can be demodulated with a synchronous demodulator or by carrier reinsertion and envelope
detector.

The bandwidth has a lower frequency of f.-f,,, center frequency f;, and an upper frequency of f.+f,,.

BW =1,/
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14.7.3 Angle Modulation

Angle modulation mixes the signal as a component of the carrier sinusoid which includes the frequency and phase
terms. In essence the signal becomes the phase term.

x(t) = A sin(2nf .t +¢,)

y(t)=A, sin[2nf .t +m(t)]
y(t) = A, sin(2nf.t) cos(m(t)) + A, cos(2mnf.t)sin(m(t))]
y(t) = A, sin(2nf t) cos( A4, sin(2nf, 1))+ A. cos(2nf.t)sin( 4, sin(2mnf, t))]

This is obviously a very complex function with numerous frequency components. There are infinite sidebands to the
signal. However, the amplitude of most deteriorates quickly. Frequency modulation and phase modulation each use
select components of this waveform.

The phase deviation or shift is a function of the message or information. As discussed earlier, it is assumed that the
message phase shift is zero. The function, %, is the phase modulation index.

o) = k,m(t)
The instantaneous phase is the carrier angle added to the signal. This is the angle within the carrier wave sin term.
(1) = 27f £+ (1)

The instantaneous frequency is the change of instantaneous phase with time. The instantaneous frequency is the
carrier frequency plus the frequency deviation.

_d _d
fi_dtd)i (Dl.—E(I)i
d
= /. +E¢(t) =2nf. +%¢(z)
=f.+4f =, +Ao

The frequency deviation is the change in the phase, which is the change in the message with time.
d d
Ao =—¢(t) =—km(t
% o(2) % (t)

The message bandwidth is the frequency of modulation, f,.

BWm = f;n
The bandwidth of an FM & PM signal is approximated using Carson’s rule.

BW, =2(Af + £,)

=2(m,, +1)f,
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14.7.4 Frequency Modulation (FM)

Frequency modulation mixes the information or message with the carrier frequency. The amplitude is constant. The
result is the carrier varies above and below its idle or normal frequency, f;. As the voltage amplitude of the
modulating signal increases in the positive direction from A to B, the frequency of the carrier is increased in
proportion to the modulating voltage.

Frequency modulation is adding the carrier frequency and a function of the message.
Ji(@0)= f.+k m(t)

The modulation index or factor is the maximum deviation in frequency, 4f, divided by the modulation frequency.
When multiplied by 100, it is the percent modulation.

mfm = g

The frequency modulator constant is the frequency deviation divided by the amplitude of the modulating or message
signal.

_ E _ Modulsting

c\q/t'SIgnllfm
AVAANANA e
VVVVVVVY Y

Modulsted

— |, output
t
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14.7.5 Phase Modulation

Phase modulation is another component of angular modulation that is sometimes referred to indirect FM. Note that
the phase is part of the sinusoid. Here, the amount of the carrier frequency shift is proportional to both the amplitude
and frequency of the modulating signal. The phase of the carrier is changed by the change in amplitude of the
modulating signal. The modulated carrier wave is lagging the carrier wave when the modulating frequency is
positive.

Phase modulation is manipulation of the angle of the carrier and a function of the signal.
O, () =2nft+ kpm(t)
The modulation index is the peak phase variation.

Af
= Ad(t) ===
M = 540 =

The phase modulation constant depends on both the frequency and amplitude. It is the ratio of the phase deviation to
the message.

P U]
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14.7.6 Sampled Messages
A message, m(t) can be recreated from uniformly spaced samples. The sampling frequency, called the Nyquist
frequency fy,, must be at least twice as fast as the highest frequency being recreated.

szizzf

s

14.7.7 Digital - Pulse Modulation

Pulse or digital modulation is frequently used to transmit sampled messages. Analog to digital conversion is a two
step process. First, sampling changes the analog source to a series of discrete values, called sample. Second,
quantization, converts each sample to a number. The number of quantization levels, g, is the two power of the
number of bits.

q=2"

The bandwidth required is inversely proportional to the inverse of twice the pulse length or duration, 7. This is called
the Shannon bandwidth when the Dimensionality, D is included. For minimum bandwidth, D=1.
D
BW, =—
2T

The message bandwidth, W, and the number of bits determine the minimum modulated bandwidth, BW.

BW ocnW =2W log, q
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14.8 Signal transmission

14.8.1 dBm

Signal power can be measured in watts. However, comparison values and small signals are measured in decibels.

ljsignal

db =10log,,( )

ref

When the reference is on milliwatt, then the decibels are reference as dBm.
dBm =10log (—Psfg"”’ )
Cimw

As aresult a 1 milliwatt signal is 0dbM.
~.0dBm=1mW

14.8.2 Noise

Noise is a random or background signal that may interfere with the message or information. Signal-to-noise ratio is
an indication of the power ratio between the desired information and the background noise. The symbols are SNR or
S/N.

P,
S/N — signal

noise

Often the expression is in terms of decibels (dB).

Psignal Asignal

S/ N(db)=10log,(

) =20log,,(

noise noise

)

In a digital signal, the number of bits in each value determines the SNR. Noise in a digital signal is dependent on the
conversion process. The dynamic range is an expression of the SNR.

S/ N(db) = DR(db) = 20log,,(2")

White noise creates a thermal noise power, P, in watts that is dependent on the bandwidth, Afin Hertz and
temperature, 7 in degrees Kelvin. This is also the thermal noise that will be created by electron activity in a resistor
and is called Johnson noise.

P =K, T Af
K, =1.3806503 x 10 % = Boltzmann's constant

T, =T.+273.15°
For current or voltage across the resistor the power has the standard relationships.
V2
==

Thermal noise at room temperature is dependent on the bandwidth. The units are decibels.

P(dB) = -174+10log(Af)

P I*R

The total noise figure for a series of transfer functions or amplifiers is based on the ratio of the noise figure for each
stage, F, to the gain ratio of each stage, G. The noise figure and gain must be converted to the power ratio from dB.

g B Bl F

—+...
1 G GG,
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14.8.3 Propagation - Transmit

The velocity of propagation of a wave is the distance the wave will travel in one time period. If the distance is one
wavelength, 4, then the velocity is the ratio of the wavelength to the frequency.

42

p t f

In free space, the propagation velocity is the speed of light.
c=2.99 792458 x 10°

u

The velocity of a wave on a transmission line is simply the ratio of the distance to the time it takes for the wave to
propagate. For a reflected wave, the distance is twice the length because of the trip length and back.
4 = d
"ot
Transmission of waves involves the power density in Watts per square meter. It is the ratio of the power transmitted
to the orthogonal area that the waveform strikes. A spherical shape is the normal pattern of an omni-directional wave.

P

P __ 7 transmitted __ X
density — A - 47[R2
R =range from antenna, radius of sphere

Antennas can direct power in specific directions. The gain of the antenna is the radiation intensity in a particular
direction divided by the power that would be radiated from an omni-directional or isotropic antenna.

_ Effective radiated power

Isotropic rated power

Power is dissipated as a waveform propagates. The attenuation or loss in free space depends on the velocity of light.
In other mediums, the velocity of propagation should be used. The loss is dB, distance is m, and frequency is Hz.

P, =20log And
g clf

Characteristic impedance is the opposition in a circuit that connected to the output terminals of a line will cause the
line to appear infinitely long. It is the electric and magnetic property of the material that impacts the velocity of
propagation.

ZOZ —:—:up“

The electric property is permittivity in Farads per meter, Fd/m. It is a factor of the free air .
E=¢.z¢g,
g, =8.854x10™"* Fd/m
The magnetic property is permeability in Henries per meter, Hy/m.
H=HH,
i, =4nx10” Hy/m
From these three preceding concepts, the impedance of free space air is calculated.

Z,=371Q
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Because of the definitions of inductance and capacitance in relation to permeability and permittivity, characteristic
impedance can be found in terms of circuit elements.

Z,=,—

14.8.4 Reflections

Maximum power transfer occurs when the load is equal to the source or characteristic impedance. When a
discontinuity occurs on a line or a load is connected that does not match the characteristic impedance, the waveform
will be reflected and oppose the message signal. The reflection coefficient describes both the magnitude and phase
shift of the reflection. The coefficient is the ratio of the complex forward voltage to the complex reverse wave
voltage.

r:—ZL_ZO :Q
Z,+Z, V

”

Standing wave ratio is the maximum power over the minimum power transferred. SWR is dependent on the
reflection coefficient.

I+
SWR =——
1-T
Voltage SWR is the maximum voltage over the minimum voltage nodes. VSWR only contains the magnitude of
reflection coefficient.

VSWR=@=—1+|F|
v 1-|r|

The reflection coefficient has the following range of values.

I' = — 1: maximum negative reflection, line is short-circuited,
I' = 0: no reflection, when the line is perfectly matched,
I' =+ 1: maximum positive reflection, line is open-circuited.

At the maximum nodes the waves interfere positively and add. At the minimum nodes, the waves are colliding and
subtract.

Vo =, +V, =V, (+]r)

max

Vmin = Vf - I/r = I/f (1_|r|)

Transmission line properties are defined in terms of propagation constant. Propagation constant is inversely
proportional to the wavelength. The distance is measured from the load.

21
=%

Vd)y=V'e®™ +y e
Id)y=1"e™ +1e™
_ 5 Z+jZ, tan(Bd)

Z
" 7o+ jZ, tan(Bd)
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14.9 RLC System Response

14.9.1 RLC Equations

The three elements, RLC can be arranged in series or its dual parallel. This is a second order system. The analysis of
the circuit can be made in many domains. Typically the time domain is the starting point. However, the Calculus
required makes the mathematic interpretation difficult. For that reason numerous transforms are used. The math of
the transforms will not be developed, but the correspondence is apparent from the table. The duality of the circuits is
intriguing.

Function Series Parallel
Reference Same current through all elements Same voltage across all elements
Diagram
Error! Not a valid link. R LS C =
Fundamental d> da 1 d> 1do 1
q q , ¢ ¢
v(it)=L—+R—+— iN=C—+——"L4+—
© ar’ ar ! © dt* R dt L(b
Ti ] 1 1
e v(:):Lﬂ+Ri+—jidz i(t)=cﬂ+Rv+—jvdt
dt C dt C
LaPlace 1 I 1
V(s)=(Ls+R+—)I(s) I1(5)=(Cs+—+—)V(s)
Cs R Ls
Sty Stae | V@) = oL + R+ ——)1(jo) | 1(je) = (joC +—+——)V (jo)
o) =(jol+ R+ ® 0)=(joC+—+ ®
Steady State J J ioC J J J R oL J

Several observations can be made about the relationships.

Lo | =t
dt jo s
dg , . |d¢

—_— = =1 _— =V
a7 a?

14.9.2 System Response

The system response is the solution to the second order equation.

(&) =F +(I—F)e” cos(wt +6)

Time constant is the time it takes for a signal to settle so that the exponential decay.

L .
t=RC= E = time constant

14.9.3 Characteristic Transfer

Transfer functions are often used as a model for a system.
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Function Series Parallel
Transfer 1(s) V(s)
. Y(§)=—— X(s)=——=
function (s) V(s) (s) 1(s)
Characteristic 1 1
Y(s)= — 1 Z(s)= I
Ls+R+— Cs+—+—
Ky R Ls
Standard form
Y(s) = s/ L Z(s) = s/C
2 R 1 2 S 1
ST+ s+ SSH——+
L LC RC LC
Resonance s/ L s/C
Y= 28) = T Aol
s°+Aws + o, s°+Aws + o,

14.9.4 Resonance
Frequency is inversely related to time. Angular frequency is one complete revolution of cycle of the frequency.
w=2rf

Resonance is a very significant concept that may be a boon or ban to electrical systems. Resonance is the frequency
where the magnetic (or inductor) energy equals the electric (or capacitor) energy.
1
0, =—F—

JLC

Since the energies are balanced, it flows from one to the other resulting in a sinusoidal frequency. The natural
frequency is the oscillation determined by the physical properties. Resonant frequency is a created oscillation that
matches the natural frequency. Resonance is the frequency at which the input impedance is purely real or resistive.

The frequency response has a roll-off on either side. The transition is called the cut-off frequency.
O‘)é = ('OCL(’OCH

Bandwidth, A, is the range between the upper and lower cut-off
frequencies. The bandwidth is also called the pass band or bandpass. Fask

A=, -0,

Aw -3 dB
O =0 TS
bandwidth
o , +—A(D .
cH — Y70
2 f1 rf.‘ fi
Quality factor or selectivity is the sharpness of the peak at resonance.

0=

A®

Damping is the effect of resistance on the rate that a signal is stabilized to steady state. Undamped implies that there
is no resistance, R=0. The damping coefficient is dependent on the natural frequency and is inversely proportional to
twice the quality factor. Some authors use the symbol alpha, a, rather than zeta, c. Note this is also the real term of
the LaPlace, o.
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¢ = ©, R actual damping
20 24L/C critical damping

The range of values for the camping coefficient reflects how quickly the waveform will settle and whether it will
overshoot. Under-damping results in oscillations or ringing, over-damping results in a slow exponential approach to
stability, critical-damping is the transition between oscillations and exponential.

€ <1 — under-damped = oscillation
€ =1— critical-damped = transition
€ >1— overdamped = exponential

The relationship between the various factors can be described in terms of the quality factor.
0=L0 -2
Ao  2(

Damped resonance, ®g, is a shift from the resonant frequency caused by the damping.
22 g2
W; =0, = C

The root of the characteristic equation has the real part as damping coefficient and the imaginary part as the damped
resonance. For the second order, there are two roots.

S, =—CEjo,

14.9.5 Series Parallel Duality

Comparison of the standard form and the resonance equation reveal the duality of impedance and admittance. The
symmetry of the duality resolves to a reciprocal form at resonance.

Function Series Parallel
Quality factor X R
0=" 0=—
R X
Quality factor 1 (L C
0=—\|= 0=k,
R\NC L

14.9.6 First Order

A first order system has a resistor and either a capacitor or inductor. Therefore, there is no oscillation. However, there
is still a cut-off frequency that is the inverse of the time constant.

R(jo)+ 1 =020, = L Time Constant = RC
C RC
.\ : R ) L
L(jo) +R(jo)=0=>w, = 7 Time Constant = Z

End of chapter
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14.10 Exemplars

An exemplar is typical or representative of a system. These examples are representative of real world situations.

Problem 1

Consider the circuit shown below. R; and R, are 5Q resistors. R; is a 10Q) resistor and Ry is a 15Q resistor. Z; is a
20UF capacitor, and V; is a 120V source. The time constant of the circuit is most nearly

R; R; R,
AC QY R
(A)  85uS
(B) 138 S
(C) 550 uS
(D) 400 S
SOLUTION:

Redraw the circuit to make it easier to see

R; R,

" 2

The resistances can be combined to determine the equivalent resistance of the circuit.

R,=R,+R,+(R //R,)
R, =15Q+10Q+(5Q//50)
R, =25Q+2.5Q=27.5Q

The time constant of a RC circuit is
=R C = (27.5(2)(20,uF) =550uS

eq eq

The answer is (C)
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Problem 2

Consider the circuit shown in the problem above, and recreated below. R1 and R2 are 15Q resistors. R3 is a 20Q2
resistor and R4 is a 15Q resistor. Z1 is a 20mH capacitor, and V1 is a 120V, 60Hz source. The switch has been
closed for a significant period of time. The voltage across the inductor is most nearly.

R, R;
AC QO R,

(A)  25.4.55°
(B)  10.5480°
(C)  50.7£-60°
(D)  61.8290°

SOLUTION
Impedance of the Inductor Z;

Z, = j2760(20mH ) = j7.54Q2
Redraw with all impedances

A \vl
R,=15Q Rs+R, !
20Q + 15Q=35Q

1207 L.
60Hz R,=15Q
7,=j7.54Q

R,=R,+R,+Z =35+ 7.54Q
R, =15Q// R, =10.6+ j0.664Q

_120(R,) 120V (10.6+ j0.664Q)
* (R +R,) (25.6+ j0.6640)

=49.73+ j1.822

V(Z) _(49.73+ j1.822V)(j7.54Q)
o (R,+Z) (35+ j7.54Q)

=1.83+j10.31V =10.5£79.94V

The answer is (B)
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Problem 3

What is the time constant of the figure shown?

3MQ
= 12V T 0.2uF

SOLUTION:
The time constant of an RC circuit is
r=RC
=(3x10°)(0.2x10°°)

= 0.6 seconds
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Problem 4

In the figure below, the switch has been open for a significant period of time and is closed at 7=0. What is the current
in the capacitor at =0.?

—AN———————
f/ Py

12V = ~ 0.3uF

[

SOLUTION:

The capacitor, at t=0+, acts as a short circuit. The current through the capacitor then is determined by the voltage and
the resistance

V 12V

i| == =2x10°4
=0T 77 6x10°Q)
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Problem 5
In the figure below, the switch has been open for a significant period of time, and is then closed at t=0. What is the
current through the two capacitors at t=0.?

0.001F

|
I\

750

0. T 2008
107 0.001F = 50082

—o

SOLUTION:

If the switch is opened for a significant period of time the capacitor on top of the circuit is charged to 10V, and the
capacitor in the middle of the circuit is discharged to 0V. At t=0., the capacitors are modeled as voltage sources with
the charged voltages. The equivalent circuit is shown below
I
—
75Q

10V
J 4
10V C

ov 500Q 2009

12;

The voltage across the 500Q resistor is 0V, so iz=0A.
KVL on the left loop is
10V —i (75Q)—-0V =0

i =1 1334
75Q

N

KVL on the right loop is

10V + 0V +i,(200Q) = 0
i =2 054
2000
KCL
i—i,—iy—i, =0
0.1334-i,-0-0.054=0
i,=0.133-0.05=0.0834

The current through the top capacitor is i,=0.05A
The current through the middle capacitor is i, = 0.083A
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Problem 6

In the figure below, the switch has been open for a significant period of time. The switch is closed at /=0. Find the
current through the resistor at /=0., and at ~=1.25s. Find the energy in the inductor at =1.25s.

S0V SH
208
SOLUTION:
The current in an inductor cannot change instantaneously, so
i,(0,)=04

The general solution for a first order RL circuit is

i(t)= %(l—efj

~(20Q)(1.255)
-2,

20Q
=2.394
The energy in the inductor is found using
W, =1L

W, =1(8H)(2.39)* =22.85J
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Problem 7

A carrier wave of 12 MHz is amplitude modulated by an audio signal of 1.5 kHz. What are the upper and lower
limits of the resulting modulated signals bandwidth?

SOLUTION:
f. =12x10°Hz

f,, =1.5x10° Hz
Lower sideband frequency - f,. — f,, =12x10° =1.5x10° Hz =11,998,500Hz

Upper sideband frequency - f.. — f,, =12x10° +1.5x 10° Hz =12,001, 500 Hz
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Problem 8

A 110 MHz carrier is frequency modulated by a 65kHz information signal. The information signal has a 1V
amplitude, and a frequency modulator constant of 100Hz/V. What is the bandwidth?

SOLUTION:

Carson’s Rule

BW ~2(ak, + f,)

BW = 2((1V)(100%)+6SXIO3HZJ

=130,200Hz ~ 130kHz

14.11 Applications

Applications are an opportunity to demonstrate familiarity, comfort, and comprehension of the topics.
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